UBND THI XA KINH MON PE KIEM TRA POI TUYEN HQC SINH GIOI
PHONG GIAO DUC VA PAO TAO NAM HOQC 2024-2025
MON: TOAN — LOP 9
Thoi gian 1am bai: 150 phut (khong ké thoi gian giao dé)
(Pé bai g5m co 06 cau 01 trang)

Caul (2,0 diém)
2x\/;+x—\/; x+\/; x—1 N \/; 5i
— g VvO1
xJx —1 x—1 ) 2x+Jx -1 2Jx-1

1) Rat gon biéu thiec P= [

xZO;x;tl;x;tl.
4

2) Cho P(x) la da thuc bac 4 thoa man P(-2)=0 va
P(x)—P(x-2)=x(x+2)3x+1)
Xac dinh da thic P(x).
Cau 2 (2,0 diém)
1) Gii phuong trinh x* + 5x +1=4v/x(x +1).
x*+3xy° =—49
2) Giai h¢ phuong trinh: | 5 :
x —8xy+y =8y-17x
Céu 3 (2,0 diém)
1) Tim tat ca cac cap sd nguyén (x,y) théa man phuong trinh:
3(x" +2y" —1)—4(xy +2y) =0.
2) Cho a,b,c 1a cac sb nguyén dwong théoa min a—b 13 sb nguyén t& va
3¢’ =ab+bc + ca. Chimg minh rang 8c +1 1 s6 chinh phuong.
Caud (2,5 diem)
1) Cho tam gidc ABC khoéng can, c6 BC = a;CA=b;AB=c. I 1a giao diém ba dudng
phan gic trong cua tam gidc ABC. D 14 hinh chiéu vuong goc cua [ 1én BC . Ching
a

minh rang: ID = va (a —b)cot% +(b —c)cotg +(c—a)cot§ =l

cot 5 + cot—2~
2) Cho hinh vudng ABCD c¢6 canh bang a. Goi M, N la cac diém thay doi trén
canh BC va CD sao cho MAN = MAB + NAD, P va Q 1in luot 1 céc giao diém
cia AN va AM véi BD, I 1a giao diém cua MP va ON.
a) Chimg minh A/ L MN. ’
b) Tim gia tri nhé nhat cua dién tich tam giac AMN khi M, N thay do6i trén BC va
CD



Céu 5 (0,5 diém) Trong hop c6 chira 2024 vién bi mau (mdi vién bi chi c6 dung
mot mau) trong do c6 675 vién bi mau dd, 657 vién bi mau xanh, 675 vién bi mau
tim va 17 vién bi con lai 1a cac vién bi mau vang hodc mau trang (mdi mau co it nhat
mdt vién). Nguoi ta 1y ra tir hop 123 vién bat ki. Ching minh rang, trong s céc
vién bi vira 14y ra ludn c6 it nhat 36 vién bi cing mau. Néu ngudi ta chi liy ra tir
hop 122 vién bi bét ki thi két luan trén ctia bai toan con dung khong?

Cau 6 (1,0 diém) Cho ba sb thuc duong a,b,c thoéa man thoa man:

a’+b* +c’ +ab—2bc—2ca=0. Ching minh:

a’+b* +¢? o Jab
— + 23
a’ +b’ (a+b-c) a+b
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UBND THI XA KINH MON PE KIEM TRA POI TUYEN HOC SINH GIOI
PHONG GIAO DUC VA PAO TAO NAM HOQC 2024 — 2025

MON: TOAN — LOP 9
Thai gian lam bai: 150 phit (Khéng ké thoi gian giao dé)
(Dé bai gom c6 06 ciu 01 trang)

Cau 1 (2,0 diém).

vOi

o 2 _ ~1
1) Rﬁtgonbiéuthﬁch(mﬁ+x \/E—JH\/E) r VT

/T — 1 t—1 ) mtrvi-1 2yi-1
1
x20,x#1,x7£1.
2) Cho P(x) la da thitc bac bon théa man P(—2) = 0 va P(x) — P(x — 2) = z(z + 2)(3z + 1). Xdc

dinh da thtc P(z).
Cau 2 (2,0 diém).
1) Giai phuong trinh 22 + 5z 4+ 1 = 4/z(z + 1).

23 + 3wy? = —49
2) Giai hé phuong trinh
2 —8ry +y? =8y — 17z

Cau 3 (2,0 diém).
1) Tim tat cd cdc ciap s6 nguyén (x,y) théa man phuong trinh 3(x2 + 2% — 1) —4(xy +2y) = 0.
2) Cho a,b, c 1 cic s6 nguyén duong théa man a — b 1a s6 nguyén t6 va 3¢ = ab + be + ca. Chiing
minh rang 8¢+ 1 1 s6 chinh phuong.
Cau 4 (2,5 diém).
1) Cho tam gidc ABC khéng can, c6 BC = a,CA = b, AB = c. I 1a giao diém ba dudng phan gic
trong clia tam gidc ABC. D 1a hinh chiéu vudéng géc ciia I 1én BC. Chiing minh rang

C A B
ID = Ba CVé(a—b)coti+(b—c)cot§+(c—a)cot§:O.
cot;—l—cot;

2) Cho hinh vuéng ABCD c6 canh bang a. Goi M, N 1a cic diém thay ddi trén canh BC va C'D sao
cho MAN = MAB + @, P va Q lan lugt 13 céc giao diém ctia AN va AM v6i BD, I 1a giao

diém ctia M P va QN.
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a) Chtng minh A L MN.

b) Tim gid tri nhdé nhat ctia dién tich tam gidc AM N khi M, N thay déi trén BC va CD.

Cau 5 (0,5 diém). Trong hop c6 chita 2024 vién bi mau (mdi vién bi chi ¢6 diing mot mau) trong dé
¢b 675 vién bi mau do, 657 vién bi mau xanh, 675 vién bi mau tim va 17 vién bi con lai la cac vién
bi mau vang hodc mau trang (mdi mau cé it nhat mot vién). Ngusi ta lay ra tit hop 123 vién bat ki.
Chting minh rang, trong sd cac vién bi vita lay ra ludn cé it nhat 36 vién bi cing mau. Néu ngudi ta
chi lay ra tit hop 122 vién bi bat ki thi két luén trén ctia bai toan con ding khong?

Cau 6 (1,0 diém). Cho ba s6 thuc duong a,b, ¢ théa man a? + b* + ¢ + ab — 2bc — 2ca = 0. Chiing
minh rang

a2+b2+02+ c? —i—\/%z?).
a? + b? (a+b—c)?> a+bd

— HET ——
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LOI GIAI THAM KHAO

Cau 1. (2,0 diém)

6i

Nd 2 _ _1
1) Rﬁthnbiéuth(xcP:<$\/E+$ \/5_x+\/§> T N

zy/r —1 x—1 '2$+\/§—1+2\/§—1V
1
xZO,x%l,m%Z.

2) Cho P(x) 1a da thtic bac bon théa man P(—2) =0 va P(z) — P(x — 2) = x(x + 2)(3x + 1).

X4c dinh da thiic P(x).

Giai
1) Ta co
2o/t +x—\/x x4+ x r—1 VT
xy/r —1 r—1 20 +r—1 2yx—1

p_ [VEQVE-D(Vr+l)  Va(Vr+1) ]_(\/EJrl)(\/E—DJr VT
Vr-1@+ve+l) (Ve+D)e-1)] Qve-1DKz+1) 2yz-1

1)

1)

po[ERANELY T AL,
Vi—1

(Vi— L) +a+
VIVEEY) Vi e

r+vr+1  2yr—1 2/x—1

T+
r+r+1
v@yPIM

T4+ +1

i1 aji—1

1
V(’ﬁxZO,x#l,x;«éZ.

2) Xét x =0, ta c6 P(0) — P(—2) =0 hay P(0) = P(—2) = 0.
Xét 7 = —2, ta c6 P(—2) — P(—4) = 0 hay P(—4) = P(~2) = 0.
Tit d6, ta thidy P(z) nhidn z = 0,2 = —2 va = —4 1a nghiém.
Vi P(z) 1a da thitc bac boén, do d6, P(z) = z(z + 2)(z + 4)(az + b) (x).

Xét z =1 thi P(1) — P(—1) = 12, thay vao (*), ta cé:
15(a +b) + 3(—a+b) = 12 hay 12a + 18b = 12 hay 2a + 3b = 2 (1)
Xét x =2 thi P(2) — P(0) = 56, thay vao (*), ta cé:

48(2a 4 b) = 56 hay 2a + b = 2 (2)
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Cau 2. (2,0 diém)

1) Giai phuong trinh 2? + 52 + 1 = 4y/z(z + 1).
23 + 3wy? = —49

2) Giai hé phuong trinh
r? —8ry +y? =8y — 17z

Glidi

) 22 +5z+1=4/zx(z+1) (1)
bieu kién x4c dinh: > 0.
Cach 1:

Véi diéu kién z > 0 thi hai vé ctia phuong trinh (1) khong 4m, do d6 phuong trinh (1) tuong duong
a2t + 252 + 1+ 102% + 10z + 222 = 162 + 322% + 162

et — 623 —bx? —6x+1=0  (2)
Vi z = 0 khéng 1a nghiém clia phuong trinh (2), chia ca hai vé ctia phuong trinh (2) cho 22, ta

dugce

6 1
x2—6x—5—f+f220
r

, 1 1
2?4 | —6la+-)-5=0
T X

1 1 ,
bat x + — =t thi x2—|——2 = t? — 2, phuong trinh trén tré thanh
x x
2 —2—-6t—5=0hayt*—6t—7=0

Suyrat=—1hoact=7.
1

Xét t = —1, ttic la  + — = —1 hay 22 + z + 1 = 0 (v0 nghiém)
x

1 7+3V5
Véitz?,tﬁ’cléx—i-:7haya:2—7x+1:O,suyrax:2\/—
x

7+3V5
—

(théa man DKXD).

Vay phuong trinh c¢6 nghiém z =
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Cach 2:

Phuong trinh (1) tuong duong véi
(x+ 1)+ 3z =4yz(z + 1)
bat z+1=a,\/r =b(a> 0,0 > 0), phuong trinh trén tré thanh

a® + 3b% = 4ab

(a —b)(a—3b) =0

Suy ra a = b hoac a = 3b.

1 3
Véia=b, tiic 1 x4+ 1 = /7 hay © — /T + 1 = 0 hay (\/’—5)2+1:0 (v6 nghiém)
Véi a = 3b, tiic 1A x + 1 = 3/, binh phuong hai vé, ta c6

7+ 35

2?—Tr+1=0,suyrazx= (théa man DKXD).

7+ 35

Vay phuong trinh c¢6 nghiém x = 5

23+ 3xy? = —49 (1)

2?2 —8ry+y? =8y — 17z (2)
Lay (1) + 3.(2), ta dugc

23 4 3wy? + 3(:(:2 — 8xy + y2) = —49 + 3(8y — 17xz)
(x+ 12+ 3%z +1) —24y(x +1) +48(z +1) =0
(¢ + 1)|(z + 1)+ 3y% — 24y + 48] = 0
(w+1)[(x+1)* +3(y —4)?] =0

z+1=0hodc (z+1)2+3(y—4)?=0

V6i 4+ 1 =0 thi = —1, thay vao (1) ta dugc y = +4 (thdéa man)
Voi (x4 1)+ 3(y —4)? =0 thi x = —1,y = 4 (thda man)

Vay hé phuong trinh ¢é nghiém (z;y) € {(—1; 4); (-1, —4)}.
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Cau 3. (2,0 diém)

1) Tim tat ca cac cap s6 nguyén (r,y) thdéa man phuong trinh 3(952 +2y% — 1) —4(xy+2y) = 0.

2) Cho a,b,c 1a cdc s6 nguyén duong thdéa man a — b 13 s6 nguyén t6 va 3¢? = ab + be + ca.

Chting minh rang 8c + 1 1a s6 chinh phuong.

Giai
3(:1:2 + 2y — 1) — 4(zy + 2y) = 0.
20 + (x — 2y +2(y — 2)* =11
Vi 222, (z — 29)%,2(y — 2)* > 0 mén 0 < 222 < 11 va 227 1a s6 chin nén 2% € {0;2;4;6; 10}
= 12?2 € {O; 1;2;3;4;5}
Vi 22 1a s6 chinh phuong nén 22 € {0; 1;4} nén x € {—2; —-1;0; 1; 2}.
Xét cac truong hop ciia z, ta tim duge cac cip s6 théa man 1a (1;0), (1;2), (—1;0).

Vay (2:9) € {(1:0), (1;2), (~1;0)}.

Ta c¢6 3c* = ab + be + ca, suy ra (2¢)? = (¢ + b)(c + a).
bat <c+a;c+b) =d(deNx)suyrac+a:d,c+b:d.
=a—bid

Ma a — b 1a s6 nguyén t6 nén d = 1 hoac d = a — b.

e Trudng hgp 1: d =1 thi (c+a;c+b) = 1 va (¢ + a)(c+ b) = (2¢)? 1a s6 chinh phuong nén
¢+ a va ¢+ b déu la sé chinh phuong.
Dat c+a=m? c+b=n?(m,n € N) thi (2¢)> = (mn)? hay 2c=mn  (1).
Laico m? —n?=(m+n)(m—n)=a—>blasé nguyén t6 vam —n <m+nnénm—n = 1
hay m=n+1 (2)
T (1) va (2) suy ra 2c = n(n+1) hay 8c+ 1 =4n(n+1)+1 = (2n +1)? 1a s6 chinh phuong.
e Trudong hop 2: d=a—b,dat c+a = (a—b)x,c+b=(a—b)y(z,y € N) va gid st x > y.
Tacoa—b=(a—b)(x—y),suyraz—y=1hayxr=y+ 1.
Lai c6 (2¢)? = (a — b)%.2y, suy ra xy la s6 chinh phuong.
Ta ¢6 zy = y(y + 1) 1a s6 chinh phuong

Voiy > 0thiy? <y(y+1) < (y+1)? nén xy = y(y + 1) khong 14 s6 chinh phuong (mau
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thuan), do d6 y = 0.

Khi d6, zy = 0 thi (2¢)? = 0 hay ¢ = 0, kéo theo 8¢+ 1 = 1 1a s6 chinh phuong.

Cau 4. (2,0 diém)

1) Cho tam gidc ABC khong can, c6 BC = a,CA = b, AB = c. I 1 giao di¢m ba dudng phan
gidc trong ctia tam gidc ABC. D 13 hinh chiéu vudng géc ctia I 1én BC. Chimg minh rang

C A B
ID = Ba CVé(a—b)cot;+(b—c)cot§+(c—a)cot§:O.
cot;—l—cota

2) Cho hinh vuéng ABCD cé canh bang a. Goi M, N 1 cic diém thay d6i trén canh BC va
C'D sao cho MAN = MAB + NAD, P va Q 1an luct 1a céc giao diém ciia AN va AM véi

BD, I 1a giao diém ctia M P va QN.

a) Chimg minh Al 1 MN.

b) Tim gid tri nhdé nhat ctia dién tich tam gidc AM N khi M, N thay doi trén BC va CD.

Gidi

oo B_BD C_CD
a Co COo 2—]D,CO 2_]D

= cot 2 4 cot = = B¢
CO2 COQ_ID
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a BC
= T, tC:BC:[D
CO 2 CcO 2 I_D

B C B C
Suy ra a = ID.<00t2+cot 2) —r.(cot2+cot2)

C A
Chting minh tuong tu, b = r. ( cot 5 + cot 2)

= (a—0) COtg_T cotgcotg—cotécotg
2 272 272

A C A B A
Chimg minh tuong tu, ta ¢6 (b — ¢). cot 5= (cot 3 cot 5 cot Px cot 2>

B A B C B
(c —a).cot — =r.| cot —.cot — — cot —. cot —
2 2 2 2 2

A B
Suy ra (a—b)cotg—i—(b—c)cotz+(c—a)cot2:0.

a) Ta c6 MAN = MAB + NAD va MAN + MAB + NAD = 90° nén MAN = 45°,
= MAN = QAN = BDC = QDN45°.
= Tt gidc AQN D noi tiép
= AQN + ADN = 180°.
= AQN = 90° hay NI L AM.
Chiing minh tuwong tu, M1 1 AN
= I la truc tam AAMN.

= Al 1 MN.
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b) Ké AK 1 AM (K € DC).
TacéD/fF(+m:90°vam+]\m:90° nénﬁ(:]\m.

Xét ADAK va ABAM, ta cé
DA = BA, DAK = MAB vi ADK = ABM = 90°

= ADAK = ABAM

= AK = AM

Ta chtng minh duge AAKN = AAMN

= MN =KN =KD+ DN =MB+ DN.

Ta chiing minh dugc AADN = ANAHN va ANABM = NAHM nén ND = NH va MB =
MH.

Ta c6 Sapn = ;.AH.MN = ;.a.MN

Do d6, Sayn min < MN nhé nhat

Dit MB =2, ND =y, ta c6 MN? = MC? 4+ CN?

= (z+y)?=(a—2)+(a—y)’
(x +y)?

T
= 402 — da(z +y) < (z +y)?

=ay=a’>—alr+y) <

= 8a* < (x4 y + 2a)?
:>x+y22a\/§—2a:2a(\/§—1>

1 S
VAY SAMN min = 5.a.za(\/i - 1) = a2(\/§ - 1) khi z = y hay BAM = DAN = 22°30/

Cau 5. (2,0 diém)

Trong hop ¢ chita 2024 vién bi mau (moi vién bi chi ¢ ding mdt mau) trong dé ¢6 675 vién bi
mau do, 657 vién bi mau xanh, 675 vién bi mau tim va 17 vién bi con lai 1a cdc vién bi mau vang
hosic mau trang (mdi mau cé it nhat mot vién). Ngudi ta lay ra tit hop 123 vién bat ki. Chiing
minh rang, trong s6 cac vién bi vita lay ra ludn c6 it nhat 36 vién bi ciing mau. Néu ngudi ta chi

lay ra tit hop 122 vién bi bat ki thi két ludn trén ctia bai todn con ding khong?
Giai

e Khi lay 123 vién bi bat ki: Ta c6 thé lay it nhat 123 — 17 = 106 vién bi gom 3 mau do6, xanh, tim.
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106
e V6i 106 vién bi gom 3 mau do, xanh, tim, theo nguyén 1i dirichlet, ton tai it nhat [ 5 +1=236

vién bi c6 cung 1 mau. Néu lay 122 vién bi bat ki, ta lay dugc it nhat 105 vién bi gom 3 mau dé
xanh tfm. Ta c¢6 1 cdch 1dy sao cho khong c6 36 vién bi ndo cé cling mau (35 vién bi do, 35 vién

bi xanh, 35 vién bi tim).

Cau 6. (2,0 diém)

Cho ba s6 thue duong a, b, ¢ thda méan a® + b? + ¢ + ab — 2bc — 2ca = 0. Ching minh rang

a? 4+ b> + 2 c? +\/@23.
a? + b? (a+b—c)?> a+bd

Gidi

Ta ¢6 a® +b*> + & + ab — 2bc — 2ca = 0

2
:>(a+b—c)2:ab§(azb)

= (2a 4 2b —2¢)* < (a + b)*.

=a+b<2
b
=212<9
c ¢
b

Datx—a,y— (xy>0)th1x+y<2

Bat ddng thitc can chting minh trd thanh

1 1
+ Y 5

74_7
»?+y? xy Tty

That vay, ta co

1 1 \/T 1/
2 24_7+ Y - 2 +
e+ Ty :c+y :c+y r+y

v
—_
§@
<

x+y

1 2
2—+2 >1+42 =1+ > 2
yx+y x+y r+y Tty

Déu"z"xéyra@xzyzl@a—b—a

Loi gidi boi Vi Diic Huy 10A3 — THCS va THPT Nguyén Tat Thanh, Ha Noi
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